The propagation characteristics of small-amplitude dust-acoustic (DA) solitary waves (SWs) and shocks are studied in an unmagnetized dusty plasma with a pair of trapped positive and negative ions. Using the standard reductive perturbation technique with two different scaling of stretched coordinates, the evolution equations for DA SWs and shocks are derived in the forms of complex Korteweg-de Vries (KdV) and complex Burgers' equations. The effects of dust charge variation, the dust thermal pressure, and the ratios of the positive to negative ion number densities as well as the free to trapped ion temperatures on the profiles of SWs and shocks are analysed and discussed.
2 velocity. Recently, Deka [7] discussed the effect of trapped electrons and non-thermal ions on dustacoustic (DA) SWs (DASWs) and it was shown that only compressive DASWs exist due to possible interplay between nonthermality and trapped state of the plasma. Solitary wave phenomena in pairion plasmas have also been discussed extensively in different contexts. To mention few, Misra and Adhikary [22] discussed the propagation of SWs in a pair-ion plasma and they found that such plasmas support only the rarefactive solitons in presence of positively charged dust grains. Also, Adak et al [23] studied the propagation of shocks in a collisional pair-ion plasma. Furthermore, Misra and Barman [24] discussed the effects of obliqueness and magnetic field on the propagation of DIA SWs in magnetized pair-ion plasmas and concluded that the transition of solitary wave from rarefactive to compressive depends on the mass ratio of negative to positive ions.
Recently, Misra [25] studied the evolution of DASWs in a magnetized dusty pair-ion plasma with vortex-like distribution of ions. It was shown that the nonlinear coefficient of the KdV equation becomes complex due to the trapped states of both positive and negative ions. He also showed that apart from the external magnetic field and obliqueness of propagation, the trapped ion temperatures, the dust as well as the ion thermal pressure and the density of positive ions have profound effects on the amplitude and width of the solitons. Furthermore, the nonlinear properties of ion-acoustic shock waves have been studied by Abdelwahed et al. [26] taking into account the effects of time fractional parameter. The results were shown to be important in the D-and F-regions of the Earth's ionosphere. In an another work, Abdelwahed et al. [27] investigated the propagation of rogue waves in superthermal plasmas with a pair of ions. Different characteristics of the rogue waves so generated have been studied by the effects of the number densities as well as the superthermality of ions.
Apart from these investigations, a few works on SWs in dusty pair-ion plasmas including the effects of degeneracy, non-thermality as well as the supra-thermality of plasma parameters have also been carried out [28] [29] [30] . On the other hand, a few attempts have been made to solve the complex KdV and complex Burgers' equations throughout the research fraternity from different branches of physics as well as mathematics considering different techniques in different physical situations [31] [32] [33] [34] [35] .
In this work, we present a theoretical investigation on the characteristics of small-amplitude DASWs and shocks in an unmagnetized dusty pair-ion plasma with the effects of trapped particle distributions of ions and dust charge fluctuations. Starting from a set of fluid equations for charged dust grains and Vlasov equations for trapped ions we derive a 3D complex KdV and complex Burgers' equations for the evolution of DASWs and shocks in dusty pair-ion plasmas. . We also study the effects of the dust charge variation, the dust thermal pressure, and the ratio of the positive to negative ion number densities as well as the ratio of free to trapped ion temperatures on the profiles of SWs and shocks.
II. Basic equations:
We consider the nonlinear propagation of small-amplitude DASWs and shocks in a 3D dusty electron free pair-ion plasma with the effects of vortex-like distributions ions and dust charge fluctuations. The collisions between all the particles are considered to be negligible compared to the dust plasma period. Furthermore, in dusty pair-ion plasmas the ratio of electric charge to mass of dust particles assumed to be much smaller than those of positive and negative ions. The basic equations for the dynamics of charged dust grains are
are the equilibrium number density ratios with n p0 and n n0 denoting the number density for trapped positive and negative ions which satisfy the charge neutrality condition at equilibrium, n
In the small-amplitude limit with 1   , the expressions for the number densities & p n n n of trapped positive and negative ions can be obtained as [1, 25] , 
On the other hand, for 0 s   i.e., when the dust grains are negatively charged, the expression for the ion currents are
The dust charge fluctuation is given by
Thus, in dimensionless variables the Eq. (13) reduces for positively and negatively charged dust grains, respectively, are 
III. Derivation of KdV equation
In order to derive the evolution equation for the nonlinear propagation of small-amplitude DA waves, we use the standard reductive perturbation technique in which the independent variables ξ and τ are stretched as
where M is the Mach Number (normalized by c d ) and ε is a small nonzero constant measuring the weakness of the perturbation. The dependent variables N p , V p , N n , V n and  can be expanded in power series of  as
Now, substituting Eqs. (16) and (17) into Eqs. (4) - (6) and (13, and equating lowest powers of  , we obtain the following first order quantities
and the dispersion relation for the nonlinear wave speed given by
Equation (19) describes the phase velocity of the nonlinear DA waves in dusty pair-ion plasmas, which typically depends on the dust temperature, the temperatures of positive and negative ions as well as the particle number densities. Inspecting the terms in the square brackets, we find that the second term in the parentheses is smaller than the unity. Also, the first term, proportional to σ d , is <1 for σ d <0.6. Thus, for σ d <<1 and l x <1, Eq. (19) gives M<1. This implies that the propagation of DA waves in dusty pair-ion plasmas is always subsonic. The profiles of the phase velocity M are shown in Fig.1 for different values of µ n . It is found that the values of M is <1 and it decreases with increasing values of σ, however, increases with decreasing values of µ n /µ p .
Equating the coefficients of the next higher order of  we obtain from Eqs. (4) - (6) the following equations (2) (1)
, ,
Note that in Eq. (23), the space-time evolution part appears corresponding to the second order perturbation of the dust charge state. It follows that in the evolution equation for the first order perturbations, the dynamical part of the dust charge number will not contribute and so no dissipative term in the evolution equation. Eliminating the second order perturbations
Equation (24) can be rewritten as
where the complex nonlinear coefficient
. Equation (28) describes the evolution of weakly nonlinear small-amplitude DASWs in an unmagnetized collisionless dusty plasma with a pair of trapped ions and the effect of dust charge variation. The nonlinear coefficient A becomes complex due to the vortex-like distributions of both positive and negative ions [25] . In absence of one of them, A becomes real and one can then obtain compressive or rarefactive solitary waves with positive or negative potential. A stationary solition solution of Eq. (28) can be obtained with its absolute value as [25]   
IV. Derivation of Burgers equation
In this section we consider a different scaling of the stretched coordinates to take into account the dissipative effects due to the dust charge dynamics. Here, the independent variables ξ and τ are stretched as   The expansion for the dependent variables will remain the same as in Sec. IV. Thus, we obtain the same first order quantities [Eqs. (18) and (19)] as before. However, in the next higher order of  we obtain from the Poisson equation and the dust charge evolution equation the following
From Eq. (32) we find that the dynamical evolution part appears corresponding to the first order (instead of the second order as in the case of KdV equation) perturbation of the dust charge state. So, it follows that in the evolution equation for the first order perturbations, the dynamical part of the dust charge number will contribute to the dissipative term in the evolution equation. 
Equation (33) can be rewritten as
where the nonlinear coefficient A is the same as for the KdV equation (28) and the dissipation coefficient is
Equation ( 
To find a series solution of Eq. (37) 
V. Results and Discussion:
The effects of various plasma parameters on the propagation characteristics of electrostatic solitary and shock waves are examined numerically on the basis of the stationary solutions (29) and (38). The charged dust particles in the electron free plasma are considered as uniform in size with fluctuating charge in presence of singly charged positive and negative ions. Figures 1(a) and 1(b) show the variations of the nonlinear co-efficient A with trapped positive (negative) ion parameter at different density ratios for positive and negative ions. In Fig. 1(a) , the lines marked 1 and 2 [3 and 4] are for a constant p  keeping p  as constant. From both the subplots we find that the decrease in the value of the nonlinear coefficient for a particular value of p  with n  reaching towards the value in thermal equilibrium is faster than its value for a particular value of n  with p  reaching towards the value in thermal equilibrium. This is due to the fact that as and when the system advances towards the thermal equilibrium, the nonlinearity of the system tends to get reduced. Such a decrement of A with n  is also clear from the expression A n of A in which the contribution of the trapped negative ion appears through a reducing factor with n  . Thus, the role of trapped negative ion species is to reduce the nonlinearity in the KdV equation. Such a reduction is lower than that comes from the trapped positive ion species. [6, 7, 26] . In both the cases, it is seen that as the system moves from a dip shaped distribution to Boltzmann distribution i.e. towards the thermal equilibrium, the solitary wave potential shows a significant increase in its absolute value. This is because, with the system advancing towards the thermal equilibrium, the nonlinearity decreases, which gives rise an increment of the localized wave potential of the solitary wave. However interestingly, the solitary solution shows a higher (lower) height and lower (higher) width with changing the parameters corresponding to the positive (negative) trapped ions at a particular value of the other one. This is also in accordance with the physical features discussed in the variations of the nonlinear coefficient A demonstrated in Figures 1(a) and 1(b) . As the nonlinear coefficient A appears in the solitary wave solution as an inverse function, so we find a greater height of the solitary wave with negative ion trapped parameter (Fig. 2) than compared to the positive ion trapped parameter (Fig. 3) . . It is seen from Figs. 6 and 8 that the height of the shock front gets reduced compared to the solitary wave potentials. This is due to the dissipative factor which comes into play in the formation of shock waves primarily. A similar (to the solitary wave) trend of increase or decrease in the wave potential is also seen. For example, if we consider Figs. 6 and 8, it is seen that as we move from a dip shaped distribution of positive ions (negative ions) towards thermal equilibrium at a particular value of the trapped negative (positive) ion parameter, the shock potential (absolute value) increases. The value of the shock potential becomes higher at a particular value of the trapped negative ion parameter than compared to that of the trapped positive ion parameter. The reason may be similar (except the magnitude) as discussed in case of Figs 2 and 3. Similarly, from Figs 7 and 9, it is seen that with the effects of ions having a flat topped distribution, the shock wave potential has the higher value (Fig.  7) than compared to the case of ions having a hump and/or Boltzmann distribution (Fig. 9) . On the other hand, by comparing the profiles in Figs. 7 and 9, we see that in Fig. 7 , the amplitude of the shock wave potential is higher for a flat topped distribution of positive ions and Boltzmann distribution of negative ions, while it is lower for flat topped distribution of positive ions and a dip shaped distribution of negative ions. However, Fig. 9 , it can be concluded that a dip-shaped distribution of negative ions and Boltzmann distribution of positive ions result in an enhancement of the potential compared to that due to a dip shaped distribution of positive ions. Similar to the solitary waves, and relying on the profiles in Figs. 7 and 9 , it is seen that as and when the nonlinearity of the plasma system increases (decreases), the shock wave potential decreases (increases) and this increase (decrease) of the nonlinearity depends on the dip shaped (Boltzmanian) distribution of the trapped plasma species.
VII. Conclusion:
We have investigated the weakly nonlinear propagation of small amplitude dust-acoustic solitary waves and shocks in a dusty pair-ion plasma with dust charge fluctuations due to trapped positive and negative ion species. Using the reductive perturbation technique, we have derived the evolution equations for these solitary waves and shocks in the forms of KdV and Burgers equations with a complex nonlinear coefficient. The latter becomes complex due to vortex-like distributions of two oppositely charged ion species. Travelling wave solutions of these KdV and Burgers equations are obtained and analysed numerically. The effects of the trapped positive (negative) ions with a hump (dip) shaped distributions as well as flat-topped and Boltzmannian ones on the profiles of the height and width of the solitary waves and shocks are also investigated. It is found that for a particular value of the positive (negative) trapped ion parameter with trapped negative (positive) ion distributions moving towards the thermal equilibrium, the nonlinear coefficient decreases sharply irrespective of any change in the positive (negative) ion density ratio. It is also seen that the change of distribution of the trapped positive (negative) ions from a hump (dip) shaped through flat-topped to Boltzmannian has weighty effect on the height and width of both solitary and shock wave potentials. The results may be useful for understanding the propagation characteristics of nonlinear dust-acoustic waves and shocks in laboratory plasmas where, e.g., n p0~1 0 14 (1) and (2), σp is 0.5, so X-axis variation is with σn with µn is 0.6 and1 respectively. Similarly for plot (3) and (4), σn is 0.5, so X-axis variation is with σp with µn is 0.6 and1 respectively. 
